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Abstract The atom-bond connectivity (ABC) index is a recently introduced

topological index defined as ABC(G) = 3 dutd—2 where d, and d, are the
uveE(G

degrees of the vertices v and v in the graph( 5 We determine the unique cactus

with maximum ABC index among cacti with n vertices, and the unique cacti with

maximum ABC index among cacti with n vertices and r cycles and among cacti

with n vertices and k pendent vertices, respectively, where 0 < r < L”%lj and

0<k<n-—1.
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1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). For u € V(G), N(u)
denotes the set of neighbors of u in G, and the degree of u is d, = |N(u)|. The atom-bond
connectivity (ABC) index of G is defined as [3]

dy+d,—2

ABC(G)= Y] T

uveE(G)
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The ABC index displays an excellent correlation with the heat of information of alkanes
[3, 2]. Furtula et al. [4] determined the minimum and maximum values of the ABC index
for molecular trees (trees with maximum degree at most four) and showed that the star is
the unique tree with the maximum ABC index when the number of vertices is given. Many
other results of ABC index have been established [6, 7, 1].

A cactus is a connected graph in which any two cycles have at most one vertex in
common. Lu et al. [5] determined the unique cactus with minimum Randi¢ index among
cacti with n vertices and r cycles. In this paper, we determine the unique cactus with
maximum ABC index among cacti with n vertices, and the unique cacti with maximum
ABC index among cacti with n vertices and r cycles and among cacti with n vertices and k
pendent vertices, respectively, where 0 < r < L%J and0<k<n-—1.

2 The maximum ABC index of cacti with » vertices

For 0 <r <[5! ], let C(n,r) be the set of cacti with n vertices and r cycles, and C°(n,r)
the cactus obtained from r triangles with a common vertex by attaching n — 2r — 1 pendent
vertices to the common vertex. Note that C(n,0) and C(n, 1) are trees and unicyclic graphs,
respectively.

Lemma 1[4] Let G € C(n,0), n > 2, then

ABC(G) < +/(n—1)(n—2)
with equality if and only if G = C%(n,0).
Lemma 2 [6] Let G € C(n,1), n >3, then

n—>2
+

ABC(G) < (n—3), /"= \%

with equality if and only if G = C%(n, 1).

Lemma 3[7] Let f(x,y) = \/)%*2 — \/% +1— 2 wherex,y > 1. Iy > 2 is fixed, then

f(x,y) is decreasing for x.

The following lemma is obvious.

Lemma 4 Let x be a positive integer. Denote f(x) = 4/ % Then f(x) is increasing in x.
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Note that for a vertex v of a simple graph G on n vertices, 4/ djd—:l <4/ % with equality
if and only if d, = n — 1. This fact will be used in our proof.

Let
-2

n—1"

3r
gln,r) = ﬁ—l—(n—Zr—l)

Theorem 1 Let G € C(n,r), where 0 < r < L%J Then
ABC(G) < g(n,1)
with equality if and only if G = C°(n,r).

Proof. We will prove the result by induction on n and r. If » = 0, 1, then the theorem is true
by Lemma 1 and Lemma 2. Suppose that » > 2 and then n > 5. If n =5, then the theorem
holds trivially as there is only one graph in C(5,2).

Suppose that n > 6, r > 2. Let G € C(n,r) and §(G) be the minimum degree of G. By
the definition of a cactus, 6(G) =1 or 2.
Case 1. (G) = 1. Letxy € E(G) with dy = 1. Let N(x) \ {y} = {x1,x2,...,x4_1 }, where
d = dy. Obviously, d > 2. Suppose without loss of generality thatdy, =dx, =+ =dx, | =
landd,, >2forp<i<d—1,wherep>1.SetG'=G—y—x;—x;—---—x,_1 (if p=1,
then G’ = G —y). Obviously, G’ € C(n— p,r). Denote dy, = d; for p <i <d —1. By the
induction assumptlon,

ABC(G') < g(n—p.r)

with equality if and only if G’ = C%(n— p,r). Now by Lemma 3 and Lemma 4, we have

ABC(G) = ABc(G')+pﬁ Z(\/d+d : WZQZ@_2>

< g(n,r),

with equalities if and only if G’ =2 C%(n—p,r),d =n—1,and 2r=n—p—1, ie., G =
COn,r).

Case 2. §(G) = 2. Then there exists an edge vw € E(G) such that d, = d,, = 2. Let u be
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the neighbor of v different from w.
Subcase 2.1. uw &€ E(G). Let G' = G — v+ uw. Obviously, G' € C(n—1,r). By the
induction assumption, ABC(G') < g(n—1,r). Then

ABC(G) = ABC(G)) + —= < g(n 1r%+4L

V2

=g(n,r)+(n— 2r—1<F \/Zf> n:;

< g(n,r).
Subcase 2.2. uw € E(G). Denote d, = k, then k > 3; Otherwise G is not connected. Let
G' =G —v—w. Obviously, G’ € C(n—2,r—1). Denote N(u) \ {v,w} = {u1,uz,...,ux_2}
and d,, = k; for 1 <i < k—2. By the induction assumption,

ABC(G') < g(n—2,r—1)

with equality if and only if G’ = C%(n — 2, — 1). Now by Lemmas 3 and 4, we have

3 ktki—2  [(k=2)+k—2
ABC(G) = ABC(G)+\/§+Z(\/ Kk, \/ (k—2)k; )

3
<gln—2,r— 1)_‘_7
—2r—1)
=gn,r)+(n—2r (1/ o )
< g(n,r),
with equalities if and only if G’ =2 C%°(n—2,r—1),d=n—1,and 2r=n—1, ie., G =
COn,r).
By combining Case 1 and Case 2, the result follows. (]

Theorem 2 Let G be a cactus with n > 3 vertices. Then

3 —3
" V2 if nis odd,
ABC(G) <

-2
1 if nis even,
with equality if and only if G = C°(n, L%J)
Proof. Let r be the number of cycles of G. Then 0 < r < L”z;lj By Theorem 1, ABC(G) <
g(n,r) with equality if and only if G = C%(n, r). Note that
dg(n,r) 3 n—2

-2 /"=
ar V2 n—l>0
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Then g(n,r) is strictly increasing for 0 < r < |25 ]. Thus ABC(G) < g(n,|"5*]) with
equality if and only if G = C%(n,r) with r = L%J It is easily seen that
3 -3
! V2 if n is odd,
("5)
8g\n, =
2 3 —

! \f if n is even.

The result follows. U

Note that C(n, %) has a perfect matching for even n. Thus we have that if G is a
cactus with a perfect matching on n > 4 vertices, then ABC(G) < - 6\[ 2+ Wlth
equality if and only if G = C%(n, %)

3 The maximum ABC index of cacti with k£ pendents

For 0 < k <n— 1, let @(n, k) be the set of cacti with n vertices and k pendents, and H°(n, k)

the cactus obtained by adding 2=—= k 2 independent edges to the star S,_; and then inserting

a vertex of degree 2 in one of those independent edges if n — k is even, and by adding 2=~— k 1

independent edges to the star S, if n — k is odd. Let

noko13 g rm2 if n— k is odd,
2 2 n—1
p(n,k) =
rz—lc7—21+i+k "2 i n—kiseven
2 V2 V2 n—2 '
Lemma5 Letn>3and 0 <k <n-—2, then
(n—1,k)+ ! o(n,k)
4 ) \ﬁ
with equality if and only if n — k is even.
Proof. If n—k is even, then (n — 1) — k is odd and we have
I (n-1)—k-13 n—3 1
n—1,k)+—= —+k +—
o ) 7 > 7 Y
_nk=23 1 [n-3
N 2 f V2 n—2
= p(n,k).
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If n— k is odd, then (n— 1) — k is even, and for n > 4 we have

1 n—k—1 —-13 n— 4 1
n—1,k)+—= ~ +k _
n—4 -2 1
k _
o ( 3 1) V2
(n,k).
The case n = 3, k = 0 also holds. The result follows. O

Lemma 6 Let a and b be two integers with 3<a <b and a+b=n. Let f(a,b) =
1)/ /L2 (b— 1),/ 2L Then f(a,b) < f(2,n—2).

Proof. 1f a = b, then n is even. By direct calculation, it is easily seen that f(5,%) <

f2n-2).
Suppose that @ < b. Then it suffices to show that f(a, b) fla—=1,b+1). For3<x <3,

let I(x DS+ —x—1)y/==L and h(x) = ZH /=1 Then
X 2(n 1 n—x—
7 (x) :ﬁ(—g/T—i—lﬁxq/ﬁ)>O,andthusl’(x):%4/7_ (2<n_>§ N==i.

X
\/;12—2 ﬁ < h(x)—h(n—x) <0, implying that /(x) < /(x—1). Thus we have f(a,b) <

fla—1,b+1). O

Lemma7 Let G € C(n,0). Then ABC(G) < ¢(n,0) with equality if and only if G =
H'(n,0).

Proof. We will prove the result by induction on n. Since G has no pendent vertices, n > 3.
If n = 3,4, then the theorem holds trivially as there is only one graph C, in C(3,0) and
C(4,0). If n =75, then G = Cs or H’(5,0), and the theorem holds because it is easy to
check that ABC(Cs) < ¢(5,0) = ABC(H(5,0)). If n = 6, then there are two graphs in
C(n,k)\ H°(6,0), one is the graph obtained from two vertex-disjoint triangles by adding an
edge with ABC index % + % the other graph Cs with ABC index %, and both are smaller
than (6,0). Thus the result holds for n = 3,4,5,6.

Suppose n > 7 and the result holds for cacti with no pendent vertices for which the
number of vertices is at most n — 1. Let G € €(n,0). Then there is an edge wiw, € E(G)
such that d,,, = d,,, = 2. Let w3 be the neighbor of w different from wy.

Case 1. wows € E(G). Let G' = G — w; + waws. Obviously, G’ € C(n—1,0). By the
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induction assumption and Lemma 5, we have

ABC(G) = ABC(G') + !

\ﬁ <ep(n-1,0)+

1
— < (n,0),
7S ¢(n,0)
with equality if and only if G’ = H(n — 1,0) and n is even, i.e., G = H’(n,0) for even n.
Case 2. wows € E(G). Denote d,, =t. Thent > 3.

Subcase 2.1. 7 > 4. Let G' = G — w; — wy. Obviously, G’ € C(n—2,0). Denote N(w3) \
{wi,wa} ={u,uz,...,u,_»} and d,;, =t; for 1 <i <r—2. Note that n — 2 and n have the
same parity. By the induction assumption and Lemma 3, we have

, 3 =2 i_2 -2 i_2
- e - (T2 )
3

<e(n—2,0)+—

V2
n—-2—113 3
—— 4+ — =¢(n,0 if n is odd,
3 > AT ¢(n,0)
i + ! + 3 (n,0) ifniseven
- - = = n, n )
2 V2 vz vz Y

with equality if and only if G’ = Ho(n —2,0)andz; =2for1 <i<r—2,ie,G Ho(n, 0).

Subcase 2.2. t = 3. Then G has a triangle C = wywpw3 with d,,, =d,,, =2 and d,,, = 3.
In the following, we will prove that ABC(G) < ¢(n,0) for this subcase by contradiction.
Let G be a counterexample such that n is as small as possible. Then ABC(G) > ¢(n,0).
Let z be the neighbor of w3 different from w; and wp. Suppose that d; > 3. Let N(z) =
{w3,22,...,24}, where d’ = d;. Let G’ = G — {w1, w2, w3} and denote d,, = d.. Obviously,
G’ € C(n—3,0). Combining the choice of G and the conclusion of the above subcase, we
have ABC(G') < ¢(n—3,0). Hence

3 d+1 & \/d'+df2 \/(d’1)+df2
ABC(G) = ABC(G') + — i Z i
(@) @)+ 3d +§2< d'd] @)

d+1
3d’
d+1
3d

.-

<ABC(G')+—=

LS

NT

< @(n_370)+7

International Journal of Graph Theory and its Applications 1 (2015) 57-66



64 Jianping Li

If n is odd, then n — 3 is even and

3 d +1
ABC(G) < —-3,0)+—
n-3-23 13 faid
2 2 V2 V2 3d’
2 d+1
= 0)— = eT’
90(”7) \/§+ 3d/

< ¢(n,0),
a contradiction. If n is even, then n — 3 is odd and

3 d+1
AB < — —
C(G) < p(n—3,0)+ 2+ d

n—3—
2

a contradiction again. Suppose that d, = 2. Suppose that G contains a path P = x;x2x3x4
with dy, = dy, =2. Let G' = G —x3+xox4. Then G’ € €(n—1,0) and G’ contains the
triangle wiwows3 with d,, = d,,, =2 and d,,, = 3. By the choice of G, we have ABC(G') <
©(n—1,0). By Lemma 5, we have ABC(G) = ABC(G') + % <n—1,0)+ % < (n,0).
Hence ABC(G) < ¢(n,0), a contradiction. Thus G does not contain a path P = xjxpx3x4
with dy, = dy, = 2. Thus both neighbors of z are of degree at least 3. Consider the graph
G' = G —{wy,wz,w3,z} which is in €(n—4,0). As above, we may finally have a
contradiction. ]

Theorem 3 Let G € C(n,k), where 0 <k <n—1. Then

(n—1)(n—2) ifk=n—1,
ABC(G) < { V24 (n—3) Z%z ifk=n—2,
o(n,k) fk<n-3,
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with equality if and only if G = S, fork=n—1, G=S2,n—2) fork=n—2, and G =
HO(n,k) for k < n—3, where S(2,n—2) is the graph obtained by joining a vertex to one
pendent vertex of the star Sy, 1.

Proof. The case k =n — 1 is obvious since in this case G = S,,.

Suppose k =n—2. Then n > 4, and G is a tree with diameter three, which is obtainable
from a path with two vertices by attaching a pendent vertices to one end vertex and b
pendent vertices to the other end vertex, where a+b =n—2 and a < b. If a = 1, then

G2 S(2,n—2) and ABC(G) = f+(n 3)\/253 = F(2.n—2). fa > 2, then ABC(G) =

2+ @t by per = flat L+ 1) < f(2,n-2),
Now suppose 0 < k <n-— 3. We prove the result by induction on k. If £k = 0, then the
result is true by Lemma 7.

Suppose that k£ > 1 and the result holds for cacti with at most k — 1 pendent vertices.
Let G € C(n,k) and uv € E(G) with d,, = 1. Let N(v) = {u,v1,v2,...,v4—1}, where d = d,.

Obviously, d > 2. Suppose without loss of generality that d,, =d,, =---=d,, , =1 and
dy,;, > 2for p <i<d-—1, where p>1. Denote d,, =d; for p <i<d—1. Then set G' =
G—u—vi—vy—---—v,_1 (if p=1, then G' = G —u). Obviously, G' € C(n— p,k— p).

Note that (n — p) — (k — p) and n — k have the same parity. By the induction assumption
and Lemma 3, we have

ABC(G) = ABC(G’)+pF i(\/ Ll \/(d(dpz;;zi2>
<pln—pk=—p)+ F

with equality if and only if G’ = H(n — p,k — p). If n—k is odd, then

ABC(G) < p(n—p,k—p)+ F
\/n

n—k—13

p—2 \/dl
2 2 p—1

so(n,k)+(k—p>(\/2:§j—\/" 2)+ (F‘F)

< p(n,k),
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with equalities if and only if G’ =2 H(n— p,k— p),d =n—1,and k = p, i.e., G= H(n,k).
If n — k is even, then

d—1
ABC(G) < p(n—p,k—p)+p —

n—k—2 3 1 n—p-—3 d—1
zﬁ*ﬁ“’w%—p—zﬂ’V
n—3
n

d
zw(n,k)+(k—P)<\/Z_§_§_\/ 2) +p( d;I_\/ﬁ)

< ¢(n,k),
with equalities if and only if G’ = H(n— p,k— p),d =n—2,and k = p, i.e., G= H(n,k).
O
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